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In this paper we determine all non-normal quartic CM-fields with relative class
number two and all octic dihedral CM-fields with relative class number two: there
are exactly 254 non-isomorphic non-normal quartic CM-fields with relative class
number two and 95 non-isomorphic octic dihedral CM-fields with relative class
number two. This result permits us to find all octic dihedral CM-fields of which
ideal class groups are nontrivial and cyclic of 2-power order: there are precisely 16
non-isomorphic such octic dihedral CM-fields.  1999 Academic Press
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1. INTRODUCTION
Louboutin and Okazaki [LO] have determined all non-normal quartic
CM-fields with relative class number one and all octic dihedral CM-fields
with relative class number one. There are exactly 19 non-isomorphic octic
dihedral CM-fields with relative class number one and there are exactly 38
non-isomorphic non-normal quartic CM-fields with relative class number
one. In this paper, we prove the following:
Theorem 1. There are exactly 254 non-isomorphic non-normal quartic
CM-fields K with relative class number two (see Table I ). There are exactly
95 non-isomorphic octic dihedral CM-fields N with relative class number two:
the normal closures of the fields K in Table I for which QN=1.
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TABLE I
Non-normal Quartic CM-fields with Relative Class Number 2, Ki=Q(- &$i )=
Q(- mi , - &$i ) with $i=xi+ yi - m i # Q(- m i ), i=1 and 2
nb $1 h(K1) $2 h(K2) h(N+) QN
1 3+- 2 2 3+- 7 2 1 2
2 7+2 - 2 2 (7+- 41)2 2 2 1
3 17+6 - 2 2 (1034361+70217 - 7 } 31)2 2 2 1
4 4+- 2 2 4+- 2 } 7 2 1 2
5 19+4 - 2 2 (74857+4127 - 7 } 47)2 2 2 1
6 5+- 2 2 5+- 23 2 1 2
7 25+10 - 2 2 (25+5 - 17)2 2 1 1
8 13+4 - 2 2 (199+17 - 137)2 2 2 1
9 25+6 - 2 2 (729+31- 7 } 79)2 2 2 1
10 27+4 - 2 2 (27+- 17 } 41)2 12 12 1
11 35+16 - 2 2 (16849+631 - 23 } 31)2 2 2 1
12 33+6 - 2 2 (33+3 - 113)2 2 4 1
13 259+28 - 2 2 (841+23 - 7 } 191)2 2 2 1
14 (25+3 - 5)2 2 (15+- 5 } 29)2 8 2 1
15 (7+- 5)2 2 7+2 - 11 2 1 2
16 (29+- 5)2 2 29+2 - 11 } 19 2 2 1
17 21+6 - 5 2 (21+3 - 29)2 2 2 1
18 (9+- 5)2 2 9+2 - 19 2 1 2
19 209+22 - 5 2 37+ 2 - 11 } 31 2 4 1
20 (45+7 - 5)2 2 (25+- 5 } 89)2 8 2 1
21 7+2 - 5 2 (7+- 29)2 2 2 1
22 (969+133 - 5)2 2 40821+1682 - 19 } 31 2 2 1
23 7+- 5 2 4+- 11 2 1 2
24 (649+11 - 5)2 2 (2093+71 - 11 } 79)2 2 6 1
25 33+6 - 5 2 (33+3 - 101)2 2 2 1
26 8+- 5 2 169+22 - 59 2 1 2
27 (69+- 5)2 2 69+2 - 29 } 41 4 4 1
28 37+2 - 5 2 (37+- 19 } 71)2 2 2 1
29 (5+- 13)2 2 5+2 - 3 2 1 2
30 33+6 - 13 2 17+2 - 3 } 23 2 2 1
31 5+- 13 2 4+- 3 2 1 2
32 (93+3 - 13)2 2 (17+- 3 } 79)2 2 4 1
33 (129+15 - 13)2 2 (449+23 - 3 } 127)2 2 2 1
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TABLE IContinued
nb $1 h(K1) $2 h(K2) h(N+) QN
34 (49+- 13)2 2 49+2 - 3 } 199 2 2 1
35 (17+3 - 13)2 2 1141+174 - 43 2 1 2
36 (1037+51 - 13)2 2 (37+- 17 } 53)2 8 8 1
37 (17+3 - 17)2 2 17+2 - 2 } 17 4 1 1
38 (893+209 - 17)2 2 13+2 - 2 } 19 2 4 2
39 14+3 - 17 2 105+16 - 43 2 2 1
40 22+5 - 17 2 31+4 - 59 2 2 1
41 10+- 17 2 73+8 - 83 2 2 1
42 (2077+335 - 17)2 2 301+26 - 2 } 67 2 2 1
43 923+208 - 17 2 (31+- 13 } 53)2 8 16 1
44 (17+- 29)2 2 (115+5 - 5 } 13)2 4 4 1
45 (33+3 - 37)2 2 (13+- 3 } 7)2 2 2 1
46 (13+- 37)2 2 13+2 - 3 } 11 2 2 2
47 (7+- 37)2 2 7+2 - 3 2 1 2
48 105+14 - 37 2 (29+3 - 7 } 11)2 2 2 1
49 17+2 - 37 2 (17+- 3 } 47)2 2 2 1
50 57+6 - 37 2 (161+11 - 3 } 71)2 2 6 1
51 (9+- 41)2 2 9+2 - 2 } 5 4 4 1
52 8+- 41 2 77+16 - 23 2 2 2
53 20+3 - 41 2 45+8 - 31 2 2 2
54 (161+25 - 41)2 2 3145+74 - 2 } 37 4 4 1
55 31+4 - 41 2 (31+- 5 } 61)2 4 16 1
56 (133+7 - 53)2 2 (17+- 7 } 11)2 2 2 2
57 8+- 61 2 13+6 - 3 2 1 2
58 237+30 - 61 2 25+2 - 3 } 47 2 2 1
59 49+6 - 61 2 (49+- 5 } 41)2 4 16 2
60 (24173+2829 - 73)2 2 163+24 - 2 } 23 2 2 1
61 (145+15 - 89)2 2 145+10 - 2 } 5 4 4 1
62 10+- 97 2 17+8 - 3 2 2 1
63 (38381+3897 - 97)2 2 85+18 - 2 } 11 2 4 1
64 (1681+161 - 109)2 2 97+10 - 3 } 31 2 2 1
65 32+3 - 113 2 15+4 - 7 2 2 2
66 (13+- 113)2 2 13+2 - 2 } 7 2 2 2
67 (13+- 157)2 2 13+2 - 3 2 1 2
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TABLE IContined
nb $1 h(K1) $2 h(K2) h(N+) QN
68 6071+437 - 193 2 37+14 - 2 } 3 2 2 1
69 52354731+3768576 - 193 2 55+4 - 3 } 59 2 2 2
70 7431235+534912 - 193 2 1591+108 - 7 } 31 2 2 1
71 (8945+285 - 229)2 6 245+10 - 5 } 17 4 12 1
72 237611155+15305880 - 241 2 335+20 - 5 } 29 8 16 1
73 (1681+101 - 277)2 2 (53+9 - 3 } 7)2 2 2 1
74 (87764149+4960723 - 313)2 2 43+16 - 2 } 3 2 2 1
75 24627+1392 - 313 2 139+24 - 3 } 11 2 2 2
76 563008+30669 - 337 2 97+36 - 7 2 2 1
77 950+43 - 401 10 95+28 - 11 2 10 1
78 (1612217+79719 - 409)2 2 305+10 - 2 } 5 4 4 1
79 (309+15 - 421)2 2 (141+15 - 3 } 7)2 2 2 1
80 12506+601 - 433 2 25+8 - 3 2 4 2
81 17541265683 2 31+4 - 3 } 11 2 2 1
+842979432 - 433
82 1209371080 2 67+24 - 7 2 2 2
+56571993 - 457
83 244199564439 2 1027+136 - 3 } 19 2 2 1
+11423173812 - 457
84 (25+- 541)2 2 25+2 - 3 } 7 2 2 1
85 26+- 673 2 49+24 - 3 2 4 1
86 (1931762188076829 2 37+10 - 2 } 3 2 2 1
+69661126163865 - 769)2
87 246506+8053 - 937 2 37+12 - 3 2 4 1
88 9+4 - 3 2 6+- 3 } 11 2 1 1
89 3+- 3 2 3+- 2 } 3 2 1 1
90 15+4 - 3 2 306+23 - 3 } 59 2 1 1
91 33+16 - 3 2 18+- 3 } 107 6 3 1
92 55+11 - 3 2 5+- 2 } 11 2 2 1
93 21+4 - 3 2 8346+421 - 3 } 131 2 1 1
94 27+8 - 3 2 16986+733 - 3 } 179 2 1 1
95 31+4 - 3 2 1171040954 2 4 1
+38755799 - 11 } 83
178 YANG AND KWON
TABLE IContined
nb $1 h(K1) $2 h(K2) h(N+) QN
96 43+16 - 7 2 8+- 3 } 19 2 4 1
97 17+4 - 7 2 40+3 - 3 } 59 2 4 1
98 57+12 - 7 2 16+- 3 } 83 2 4 1
99 417+156 - 7 2 8162368 2 4 1
+411737 - 3 } 131
100 141+48 - 7 2 769672+37691 - 3 } 139 2 4 1
101 5+- 19 2 13+5 - 2 } 3 2 2 1
102 23+4 - 31 2 52+9 - 3 } 11 2 4 1
103 88631+10828 - 67 2 10+- 3 } 11 2 4 1
104 41+4 - 103 2 64+11 - 3 } 11 2 4 1
105 13+2 - 2 } 3 2 (13+- 5 } 29)2 8 8 1
106 4+- 2 } 3 2 12+3 - 2 } 5 4 2 2
107 85+10 - 2 } 3 2 (85+5 - 5 } 53)2 4 4 1
108 91+36 - 2 } 3 2 (69+3 - 5 } 101)2 8 16 1
109 53+14 - 2 } 7 2 11+- 5 } 13 4 4 1
110 (37+7 - 3 } 7)2 2 (65+5 - 5 } 17)2 4 8 2
111 (185+35 - 3 } 7)2 2 (13+- 5 } 17)2 4 8 1
112 85+10 - 3 } 7 2 29+2 - 5 } 41 4 8 1
113 (365+65 - 3 } 7)2 2 (345+15 - 5 } 89)2 8 8 1
114 (65+11 - 3 } 11)2 2 62+8 - 2 } 29 4 4 1
115 (305+53 - 3 } 11)2 2 57+6 - 2 } 41 8 8 1
116 325+43 - 3 } 19 2 17+2 - 2 } 29 4 16 2
117 (77+9 - 3 } 23)2 2 (49+5 - 5 } 17)2 4 4 1
118 (761+67 - 3 } 43)2 2 65+10 - 2 } 5 4 4 1
119 (17+- 3 } 83)2 2 17+2 - 2 } 5 4 8 2
120 (83+3 - 3 } 107)2 6 57+6 - 2 } 5 4 24 2
121 20315+1120 - 7 } 47 2 (511+7 - 5 } 13)2 4 24 2
122 25+2 - 2 } 5 4 (75+5 - 5 } 13)2 4 4 1
123 505+6 - 2 } 5 4 (25+- 5 } 53)2 4 4 1
124 4355+260 - 2 } 5 4 29+- 13 } 37 4 16 1
125 8281+26 - 2 } 13 4 (65+5 - 5 } 13)2 4 4 1
126 545+10 - 2 } 17 4 185+5 - 5 } 29 8 32 2
127 (55+- 5 } 13)2 4 (175+5 - 5 } 37)2 4 4 1
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Louboutin has proved in [Lou3, Theorem 2] that if the ideal class
group of an octic dihedral CM-field N is cyclic of 2-power order, then the
relative class number of N is equal to 1 or 2. Moreover, the relative class
number of an octic dihedral CM-field N is odd if and only if the class
number of N is odd. (See Lemma 4(2) in [Lou2] or [W, Remark, p. 186
and Exercise 10.7].) Consequently, from Theorem 1 we can determine all
octic dihedral CM-fields of which ideal class groups are cyclic of 2-power
order:
TABLE II
The Ideal Class Groups of Octic Dihedral CM-Fields
with Relative Class Number Two
nb Class group nb Class group nb Class group
2 (2, 2) 3 (2, 2) 5 (2, 2)
7 (2) 8 (2, 2) 9 (2, 2)
10 (2, 2, 6) 11 (2, 2) 12 (8)
13 (2, 2) 14 (4) 16 (2, 2)
17 (4) 19 (2, 4) 20 (4)
21 (2, 2) 22 (2, 2) 24 (2, 6)
25 (4) 27 (2, 2, 2) 28 (2, 2)
30 (2, 2) 32 (2, 4) 33 (2, 2)
34 (2, 2) 36 (2, 8) 37 (2)
39 (2, 2) 40 (2, 2) 41 (2, 2)
42 (2, 2) 43 (4, 8) 44 (2, 2, 2)
45 (2, 2) 48 (2, 2) 49 (2, 2)
50 (2, 6) 51 (2, 2, 2) 54 (2, 2, 2)
55 (4, 8) 58 (2, 2) 60 (2, 2)
61 (2, 2, 2) 62 (2, 2) 63 (2, 4)
64 (2, 2) 68 (2, 2) 70 (2, 2)
71 (2, 2, 6) 72 (4, 8) 73 (2, 2)
74 (2, 2) 76 (2, 2) 77 (2, 10)
78 (2, 2, 2) 79 (2, 2) 81 (2, 2)
83 (2, 2) 84 (2, 2) 85 (2, 4)
86 (2, 2) 87 (2, 4) 88 (2)
89 (2) 90 (2) 91 (6)
92 (2, 2) 93 (2) 94 (2)
95 (2, 4) 96 (2, 4) 97 (2, 4)
98 (2, 4) 99 (2, 4) 100 (2, 4)
101 (2, 2) 102 (2, 4) 103 (2, 4)
104 (2, 4) 105 (2, 8) 107 (2, 4)
108 (2, 16) 109 (2, 4) 111 (4, 4)
112 (2, 8) 113 (2, 8) 114 (2, 4)
115 (2, 8) 117 (2, 4) 118 (2, 4)
122 (8) 123 (8) 124 (4, 8)
125 (8) 127 (8)
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Corollary 2. (1) There are exactly 16 non-isomorphic octic dihedral
CM-fields such that the ideal class groups are nontrivial and cyclic of
2-power order (see Table II ).
(2) There are 205 non-isomorphic non-normal quartic CM-fields
having class number 2.
(3) There are 7 non-isomorphic octic dihedral CM-fields having class
number 2.
Throughout this paper we use the following notations: For a number
field K we denote by OK , d(K ), cl(K ), h(K ) and ‘K , the ring of algebraic
integers, the absolute value of the discriminant, the ideal class group, the
class number and the Dedekind zeta function of K, respectively. When K
is a CM-field, let K+ , h*(K ) and QK be the maximal totally real subfield,
the relative class number and the Hasse unite index of K, respectively. For
an extension L of K, let DLK be the relative discriminant of the extension
LK and NLK the relative norm. For any a and b in Z, (ba) denotes
Kronecker symbol.
2. THE OCTIC DIHEDRAL CM-FIELDS
In order to determine all non-normal quartic CM-fields with relative
class number two, first of all, we consider the normal closure of a non-nor-
mal quartic CM-field. The normal closure of a non-normal quartic CM-
field is an octic dihedral number field. Let N be an octic dihedral number
field. We write the Galois group Gal(NQ)=(r, s : r4=s2=Id, srs=r3).
Let N+ be the unique normal quartic subfield of N and let K1 , K$1 , K2 , K$2
be the four non-normal quartic subfields of N with Gal(NK1)=[Id, s],
Gal(NK$1)=[Id, sr2], Gal(NK2)=[Id, sr] and Gal(NK$2)=[Id, sr3]. Let
k1 , k2 and k+ be the quadratic subfields of N with Gal(Nk1)=
[Id, s, r2, sr2], Gal(Nk2)=[Id, sr, r2, sr3] and Gal(Nk+)=[Id, r, r2, r3].
Moreover K$1=r3(K1) and K$2=r3(K2). The dihedral group of order 8 has
five conjugacy classes: [Id], [r2], [r, r3], [s, sr2] and [sr, sr3]. Hence,
there are five irreducible characters. Let 0 be the character of degree 2 and
let i , 1i4 be the four characters of degree one. The irreducible
characters of Gal(NQ) are as in the following table [S, pp. 5253; Lou1].
Characters [Id] [r2] [r, r3] [s, sr2] [sr, sr3]
0 2 &2 0 0 0
1 1 1 1 1 1
2 1 1 1 &1 &1
3 1 1 &1 1 &1
4 1 1 &1 &1 1
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Let M be an intermediate number field between N and Q. Let
H=Gal(NM). Let /0 be the principal character of H and let /M be its
induced character of Gal(NQ). For character /, we denote Artin’s conductor
of / by F(/). We have
/N =20+1+2+3+4 and d(N )=F(0)2 F(2) F(3) F(4),
/N+=1+2+3+4 and d(N+)=F(2) F(3) F(4),
/k+=1+2 and d(k+)=F(2),
/K1=0+1+3 and d(K1)=F(0) F(3),
/k1=1+3 and d(k1)=F(3),
/K2=0+1+4 and d(K2)=F(0) F(4),
/k2=1+4 and d(k2)=F(4),
and
/Q =1 .
Furthermore,
d(N )=d(N+)2 NN+ Q(DNN+),
F(0)2=d(N+) NN+ Q(DNN+),
F(0)=d(k1) Nk1 Q(DK1k1),
and
F(0)=d(k2) Nk2 Q(DK2 k2).
Note that since d(N+)=d(k+) d(k1) d(k2) is a perfect square,
NN+ Q(DNN+) and d(N) are perfect squares.
Proposition 3. We denote by K any one of the four non-normal quartic
subfields of N and its quadratic subfield by k. Then we have
(a) N is a CM-field if and only if K is a CM-field. Moreover, if N is
a CM-field, then
h*(N )=
QN
2
(h*(K))2.
Hence h*(K1)=h*(K2), and h*(N )=2 if and only if h*(K1)=h*(K2)=2
and QN=1.
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(b) We have
d(N )
d(N+)
=\d(K)d(k)+
2
and
d(K1)
d(k1)
=
d(K2)
d(k2)
=- d(k1) d(k2) d(k+) NN+ Q(DNN+).
(c) We have
Nk1Q(DK1 k1)=d(k2) d(k+)d(k1) - NN+ Q(DNN+),
and
Nk2Q(DK2 k2)=d(k1) d(k+)d(k2) - NN+ Q(DNN+).
(d) If we write K=k(- :), then N+=k(- NkQ(:)).
(e) The natural map iKk from cl(k) to cl(K) is injective.
Proof. For (a), see Theorem A in [Lou1]. Part (d) is obvious from
Galois theory. For (e), see [LO, 2(1)]. K
There is a constraint on the number of ramified prime ideals in the
quadratic extension FF+ .
Proposition 4. Let F be a CM-field and let F+ be its maximal totally
real subfield. Let t be the number of prime ideals of F that are ramified in
the quadratic extension FF+ . Then 2t&1 divides h*(F ).
Proof. See Proposition 2 in [LO]. K
In general, the Hasse unit index is difficult to determine. The following
is useful.
Proposition 5. Let N=N+(- &$ ) with $ # N+ totally positive. We
have three mutually exclusive cases.
(1) If there is a prime ideal p in ON+ such that the exact power of p
dividing $ON+ is odd, then QN=1. In particular, if NN+ Q(DNN+) has an odd
prime divisor, then QN=1.
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(2) If $ON+=a
2 for some principal ideal a of ON+ , then QN=2. In
particular, if h(N+) is odd and if NN+ Q(DNN+)=1, then QN=2.
(3) If $ON+=a
2 for some non-principal ideal a of ON+ , then QN=1.
Proof. See Theorem 1(i) in [L]. K
Moreover, Louboutin developed in [Lou5] a practical technique for
computing Hasse unit indices of octic dihedral CM-fields, i.e., a technique
which enables us to decide whether we are in case 2 or 3 of this Proposi-
tion 5.
3. THE MAXIMAL TOTALLY REAL SUBFIELDS OF OCTIC
DIHEDRAL CM-FIELDS
In this section we shall find possible types of the maximal totally real
subfield of the normal closure of a quartic CM-field having the relative
class number two. Let us write k1=Q(- m1 ) and k2=Q(- m2 ), where m1
and m2 are square-free positive integers. Considering the decomposition of
prime ideals in an octic dihedral number field, we obtain some constraints
on m1 and m2 in Propositions 6 and 7 below.
Proposition 6. Let N be an octic dihedral number field and let N+ , k+ ,
k1 , and k2 be as in the preceding section.
(1) Let p be an odd prime number. If p is ramified in k1 Q as well as
in k+ Q, then p splits in k2 Q and p can not divide NN+ Q(DNN+).
(2) If 2 is ramified in two of the three quadratic subfields of N+ and
inert in the third one, then 2AN=P4, where P is the unique prime ideal lying
above 2 in N. Namely, P is ramified in NN+ .
(3) If a rational prime r is unramified in N+ Q but ramified in NQ
and if at most two prime ideals of N above r are ramified in NN+ , then
there are exactly two prime ideals of N above r and they are ramified in
NN+ . In addition we have
\d(k+)r +=+1, \
d(k1)
r +=\
d(k2)
r +=&1,
and
NN+ Q(DNN+)={r
4
24a
if r is odd;
with a2 if r=2.
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(4) Let l be a prime number that is unramified in NQ. Let L1 be a
prime ideal of k1 lying above l. Suppose that L1 is inert in K1 k1 and K$1 k1 .
Then l splits in k+Q and (d(k1)l )=(d(k2)l ).
Proof. To prove the first part of the point (1) we refer to Lemma 6 in
[Lou2]. The second part of point (1) and point (2), (3), and (4) can be
easily proved by using inertia and decomposition fields. K
Proposition 7. If a prime l is ramified in ki Q, then at least one of the
prime ideals of kj above l is ramified in Kj kj . Therefore, if h*(K) is equal
to 2 modulo 4 then at most two rational primes are ramified in ki Q and,
consequently, 2-Sylow subgroups of the narrow and wide ideal class groups
of k i are either trivial or cyclic and if h(ki) is even then ki=Q(- q1q2 ) for
some distinct primes q1 and q2 not equal to 3 modulo 4 (but one of these qi
can be equal to 2).
Proof. If Kj kj were unramified above l then K$j kj would be unramified
above l and the compositum Nk j=K$jKj kj would be unramified above l.
Therefore, l would be ramified in kj Q. Since l is already ramified in ki Q,
N+ k+ would be ramified above l. Since Nk+ is cyclic quartic, NN+
would be ramified above l and this would contradict the fact that Nkj is
unramified above l. K
We will need the following remark in Section 5.
Remark. Assume that ki=Q(- q1q2 ) for some distinct primes q1 and
q2 which are not equal to 3 modulo 4. There exist a1 and b1 such that
d(ki)=4a2+b2. Set l=aZ+((b+- d(ki))2) Z. Then [l] is the only element
of order two in cl(ki). Moreover, l2=(_) where _=(b+- d(k i))2 satisfies
Nki Q(_)=&a
2<0. Hence, if the fundamental unit = i of ki has norm +1,
then [l] has order four in the narrow ideal class group of ki (see [Lou8]).
4. LOWER BOUNDS FOR RELATIVE CLASS NUMBER OF
NON-NORMAL QUARTIC CM-FIELDS
Let F be a CM-field of degree 2n and let F+ be its maximal totally real
subfield. From class number formulas we obtain
h*(F )=
QFwF
(2?)n 
d(F )
d(F+)
Ress=1(‘F)
Ress=1(‘F+)
,
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where wF is the number of roots of unity in F. Estimating lower bounds for
Ress=1(‘F) and upper bounds for Ress=1(‘F+), Louboutin has obtained the
following theorem.
Theorem 8 [Lou2, Corollary 15]. Let K be a non-normal quartic
CM-field with real quadratic subfield k. We have
h*(K )
1
3
- d(K )d(k)
(log(d(K )d(k))+0.104)2
if d(K )3 } 107.
In particular, h*(K )>2 if d(K )d(k)>1.6 } 106. Hence h*(K )>2 if
d(k1) d(k2) d(k+)>3 } 1012.
These upper bounds for the discriminants of the non-normal quartic
CM-fields with relative class number 2 are good enough to realize the
computations on a PC. Nevertheless, we reduce significantly the amount of
the computations using Corollary 10 below.
Proposition 9. Let F be a CM-field and assume that the natural map
iFF+ from the group of fractional ideals of F+ to that of F is injective.
Suppose that h*(F )=2. Let P+ be a prime ideal of F+ that splits in FF+ .
Then we have
NF+Q(P+)
2
1
4n
d(F )
d(F+)2
,
where n=[F+ : Q].
Proof. By the same argument of the proof of Theorem 6 in [LO] we
can get the desired result. K
Corollary 10. We let N, K1 , K$1 , k1 , and k2 be denoted as in
Section 2. Let L1 be a prime ideal lying above l in k1 . Suppose that l is
unramified in N. Let us assume that K1 is a CM-field with h*(K1)=2. If
Nk1 Q(L1)
2<(142)(d(K1)d(k1)2), then L1 is inert in K1 k1 and in K$1 k1 .
Namely,
if \d(k1)l +=+1 and l2<
1
42
d(K1)
d(k1)2
, then \d(k2)l +=+1,
if \d(k1)l +=&1 and l4<
1
42
d(K1)
d(k1)2
, then \d(k2)l +=&1.
Note that - d(k2) d(k+)d(k1)d(K1)(d(k1))2
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Proof. It follows from point (e) of Proposition 3, from Proposition 9,
and Proposition 6(4). K
Proposition 11 [Lou2, Lemma 6]. Let m12 and m22 be positive
square-free integers. The real biquadratic field Q(- m1 , - m2 ) is a subfield
of an octic dihedral filed N which is cyclic over k+=Q(- m1m2 ) if and only
if the ternary quadratic form X 2&m1Y 2&m2 Z2 represents zero non-trivially,
which amounts to asking
(1) (m1 p)=+1 for all odd primes p which divide m2 but do not
divide m1 ,
(2) (m2 p)=+1 for all odd primes p which divide m1 but do not
divide m2 ,
(3) (&(m1m2 p2)p)=+1 for all odd primes p which divide both m1
and m2 .
5. CONSTRUCTION OF QUARTIC NON-NORMAL CM-FIELDS
The following proposition will provide us with the explicit construction
of all the non-pairwise isomorphic non-normal quartic CM-fields of a given
discriminant and real quadratic subfield k:
Proposition 12. Let = be the fundamental unit of k and let K=
k(- &$) be a non-normal quartic CM-field containing k, where $ is a totally
positive element in Ok . Suppose that h*(K )#2 (mod 4). Then $Ok=la2 or
$Ok=l1 l2a2 for some ideal a in Ok , where l, l1 and l2 are prime ideals in Ok
with (l1)=l1 & Z and (l2)=l2 & Z. If L is a non-normal CM-field containing
k with dL=dK , then L is isomorphic to one of the following fields.
(1) Assume that $Ok=la2 or l1 l2 a2 and that at most one of (l1) and (l2)
splits in kQ.
Case (1.a). h(k) is odd.
If NkQ(=)=&1, then L is isomorphic to K.
If NkQ(=)=+1, then L is isomorphic to K or k(- &$=).
Case (1.b). h(k) is even.
If NkQ(=)=&1, then L is isomorphic to K or k(- &l$) where l is
any of two rational primes ramified in k (see Proposition 7).
If NkQ(=)=+1, then L is isomorphic to K or k(- &$=).
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(2) Assume that $Ok=l1 l2 a2 and that (l1) and (l2) split in kQ.
Case (2.a). h(k) is odd.
If NkQ(=)=&1, then L is isomorphic to K or k(- &l2$).
If NkQ(=)=+1, then L is isomorphic to one of the four following
fields; K, k(- &$=), k(- &l2$), and k(- &l2$=).
Case (2.b). h(k) is even.
If NkQ(=)=&1, then L is isomorphic to one of the four following
fields; K, k(- &l2 $), k(- &l$) and k(- &ll2$). Here, l is as Case (1.b).
If NkQ(=)=+1, then L is isomorphic to one of the four following
fields; K, k(- &$=), k(- &l2$), and k(- &l2$=).
Moreover, in each of these eight cases these two or four fields are non-
pairwise isomorphic, except in the case where NkQ(=)=1 and $= is the
conjugate of $.
Proof. For an ideal r, [r] denotes the ideal class of r in cl(k). Since (1)
is proved similarly as (2), we give the proof of (2). Let L=k(- &#).
Changing # by its conjugate over Q if necessary we have two possibilities
for #Ok : (#)=l1 l2b2 or (#)=l1 l$2 b2 for some ideal b of Ok , where l1 l$1=(l1)
and l2 l$2=(l2).
If (#)=l1 l2b2, then [l1][l2][a]2=[l1][l2][b]2=1, and ([a]&1[b])2=1.
If (#)=l1 l$2b2, then [l1][l2][a]2=[l1][l$2][b]2=1, and ([l2][a]
[b]&1)2=1.
Case (2.a). h(k) is odd.
If (#)=l1 l2b2, then there exists an element : in k such that b=(:) a
so that (#)=($:2).
If (#)=l1 l$2b2, then there exists an element ; in k such that b=(;) l2a
so that (#)=l1 l$2(;2) l22a
2=($l2;2).
Case (2.b). h(k) is even. According to Proposition 7 the 2-Sylow sub-
group of cl(k) is cyclic. Let [r] be the unique element of order 2 in cl(k) with
r2=(_). If NkQ(=)=&1, then the subgroup of order 2 of cl(k) is generated
by the ramified prime ideals [Lou6, Corollary]. Namely, we can take _=l,
where l is any of two rational primes ramified in k. Furthermore, if
NkQ(=)=+1, then NkQ(_)<0 by Remark of Section 3.
If (#)=l1 l2b2, then [a]&1 [b]=1 or [r].
If [a]&1 [b]=1, we obtain as above (#)=(:2$).
If [a]&1 [b]=[r], then there exists an element :1 in k such that
b=(:1) ar. Hence (#)=(:21$_).
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If (#)=l1 l$2b2, then [l1][a][b]&1=1 or [r].
If [l2][a][b]&1=1, then we get as above (#)=(l2;2$).
If [l2][a][b]&1=[r], then there exists an element ;1 in k such that
b=l2(;1) ar. Hence (#)=(l2;21$_).
It can be easily seen that the constructed fields are pairwise non-
isomorphic except for the case that #= is the conjugate of # over Q. For
example, suppose that k(- &$) is isomorphic k(- &l2$). We would have
k(- &$)=k(- &l2$) or k(- &$$)=k(- &l2$), where $$ is the conjugate
of $ over Q. Hence - l2 # k or - l1 # k and we obtain a contradiction. Note
that #= is the conjugate of # over Q in the case that k=Q(- 3), #=3+- 3
and ==2&- 3 in nb. 89, Table I. K
6. COMPUTATION OF RELATIVE CLASS NUMBERS
It is easy to compute the relative class number of abelian CM-fields by
using generalized Bernoulli numbers [W]. In this section we give a short
review of Louboutin’s method which we will use for computing the relative
class numbers of some non-abelian CM-fields.
Theorem 13. Let F be a CM-field of degree 2n. Let /FF+ be the quadratic
character associated with the quadratic extension FF+ and let ,k be the
coefficients of the Dirichlet series
‘F
‘F+
(s)=L(s, /FF+)= :
k1
,kk&s, R(s)>1.
Set AFF+=- dF?
ndF+ . We have
h*(F )=
QFWF
(2?)n 
dF
dF+
:
k1
,k
k
Kn(kAFF+), (1)
where
Kn(A)=
A2
i? |
:+i
:&i
1(s)n A&2s \ 12s&1+
1
2s&2+ ds, with :>1
and Kn(A) satisfies
0Kn(A)2n exp(&A2n).
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Moreover, set
B(F) =def AFF+ \*n log AFF++
n2
.
If *>1 and n are given, then the limit of |h*(F )&h*(F)(M)| as AFF+
approaches infinity is equal to 0, where h*(F)(M) is the approximation of the
relative class number obtained by disregarding the indices k>B(F ) in the
series occurring in (1).
Proof. See Proposition 1 and Theorem 2 in [Lou4]. K
We now explain how to compute K2(A) and ,k .
Proposition 14. Assume that A>0 and set 0k=1=0. Then we have
K2(A)=1+?A+4(Log(A)+#) :
n0 \
1
2n+1
+
1
2n+2+
A2n+2
(n!)2
&4 \ :n0
1
(2n+1)2
+
1
(2n+2)2
+\ 12n+1+
1
2n+2+ :
n
k=1
1
k+
_
A2n+2
(n!)2
,
where # is Euler’s constant.
Proof. See Proposition 4 in [Lou7]. K
By definition
‘F
‘F+
(s)=L(s, /FF+)= :
k1
,k
ks
,
we have
,k= :
NF+ Q(I )=k
/FF+(I ),
where /FF+ is the quadratic character associated to the quadratic extension
FF+ . The character /FF+ is multiplicative and satisfies
&1 if P+ is inert in the extension FF+ ,
/FF+(P+)={0 if P+ is ramified,+1 if P+ splits.
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Then, k  ,(k) is multiplicative and we need only to know how to
compute ,pm , where p is prime and m1.
We now turn to compute the relative class number of non-normal quartic
CM-fields obtained in Section 5.
Let K1 be a non-normal quartic CM-field, k1 its real quadratic subfield.
There exists a totally positive element $1 such that K1=k1(- &$1 ). Let p
be a prime ideal in k1 lying above the prime number p. In order to determine
/K1k1(p) we decompose the minimal polynomial of - &$1 over Q into the
irreducible factors in ZpZ[x], when p does not divide the index
[Ok1 : Z[- &$1 ]]. For the primes p which divide the index we use the func-
tion primedec(nf,p) in PARI [P].
7. COMPUTATIONS
Our computations consist of 6 steps:
(I) Determine all possible pairs (m1 , m2) of square-free positive
integers mi2 which satisfy Proposition 11, such that f (m1 , m2)=
- d(k1) d(k2) d(k+)1.6 } 106 and which finally satisfy Corollary 10 with the
worse bounds (142) - d(k1) d(k2) d(k+).
(II) Construct non-normal quartic CM-fields. For each pair (m1 , m2)
we determine all $ such that d(Q(- m1 , - &$))d(Q(- m1 )) is not greater
than the upper bound given in Theorem 8. It is maybe best explained by an
example. Let k1=Q(- 2q1 ), k2=Q(- q2q3 ) and k+=Q(- 2q1q2q3 ) where
q1 , q2 and q3 are distinct primes congruent to 1 modulo 4. We let
K1 be any one of two quartic subfields of N containing k1 . By Proposition 3(c)
we have Nk1 Q(DK1 k1)=q2q3 - NN+Q(DNN+). By Proposition 4 and
Proposition 6(1) and (2), if h*(K1)=2, then NN+ Q(DNN+)=1 and
(q2q3 2)=1. Moreover, according to Theorem 8 if h*(K1)=2, then
q1 q2 q32 } 105. There are 558 triplets (q1 , q2 , q3) such that q1 q2q3
2 } 105, q2<q3 and (2q1 q2)=(2q1 q3)=(q2 q3 q1)=(q2q3 2)=1. It
remains only 123 triplets (q1 , q2 , q3) satisfying Corollary 10 for K1 k1 and
K2 k2 . For each triplet (q1 , q2 , q3) we solve the Diophantine equation
x2&2q1 y2=q2q3z2 with x, y, z # Z. Among the solutions we choose one
such that x+ y - 2q1 >0, x& y - 2q1 >0 and x+ y - 2q1 #|2 mod (22)
for some element | in Ok1 . Note that we avoid the solution of the
Diophantine equation such that z has a prime divisor p with (dk1p)=+1.
Let us denote such a solution by $. We need to find all non-isomorphic
quartic fields L of discriminant 26q21 q2q3 which contains Q(- 2q1 ). Let =1
be the fundament unit of k1 .
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When Nk1 Q(=1)=&1, the unique element of order 2 of cl(Q(- 2q1 )) is
[q1] where q1 is the prime ideal lying above q1 in Q(- 2q1 ). Then L is one
of the four fields;
[Q(- 2q1 )(- &$), Q(- 2q1 )(- &q2$),
Q(- 2q1 )(- &q1$), Q(- 2q1 )(- &q1 q2$)].
When Nk1 Q(=1)=+1, L is one of the following fields:
[Q(- 2q1 )(- &$), Q(- 2q1 )(- &=1$),
Q(- 2q1 )(- &q2$), Q(- 2q1 )(- &q2=1$)].
(III) Compute h*(K). For each quartic field obtained in Step II we
compute h*(K).
(IV) Compute h(N+). We use the formula h(N+)=(14)[EN+ : Ek1
Ek2 Ek+] h(k+) h(k1) h(k2) where EN+ , Ek1 , Ek2 , Ek+ are the group of units
of fields N+ , k1 , k2 , k+ , respectively, [Ku].
(V) Determine QN . It is sufficient to determine whether there exists
a unit = in N+ such that $= is a square or not in N+ . To do this we use
Proposition 4 and Corollary 5 of [Lou5].
(VI) Determine the ideal class group of N. We use KASH [K].
All computations were carried out on a PC using package PARI [P]
except for the step (VI).
Our computational results are summarized in Tables I and II.
ACKNOWLEDGMENTS
The authors express their thanks to S. Louboutin who visited Korea University and gave
conferences on CM-fields during summer holidays in 1996 and 1997. Especially, his advice for
the computing relative class numbers of non-abelian CM-field was a great help. The research
was supported by K.O.S.E.F. Grant 961-0101-007-2.
REFERENCES
[K] M. Daberkow, C. Fieker, J. Klu ners, M. Pohst, R. Roegner, and K. Wildanger,
KANT V4, J. Symbolic Comput. 24 (1997), 267283.
[Ku] T. Kubota, U ber den bizyklischen biquadratischen Zalhko rper, Nagoya Math. J. 10
(1956), 6585.
[L] F. Lemmermeyer, Ideal class groups of cyclotomic number fields, I, Acta Arith. 27,
No. 4 (1995), 347359.
192 YANG AND KWON
[Lou1] S. Louboutin, On the class number one problem for non-normal quartic CM-fields,
To^hoku Math. J. 46 (1994), 112.
[Lou2] S. Louboutin, The class number one problem for the non-abelian normal CM-fields
of degree 16, Acta Arith. 82, No. 2 (1997), 173196.
[Lou3] S. Louboutin, CM-fields with cyclic ideal class groups of 2-power orders, J. Number
Theory 67 (1997), 110.
[Lou4] S. Louboutin, Computation of relative class numbers of CM-fields, Math. Comp. 66,
No. 219 (1997), 11851194.
[Lou5] S. Louboutin, Hasse unit indices of dihedral octic CM-fields, Math. Nachr., in press.
[Lou6] S. Louboutin, Continued fractions and real quadratic fields, J. Number Theory 30
(1988), 167176.
[Lou7] S. Louboutin, Calcul du nombre de classes des corps de nombres, Pacific J. Math.
171, No. 2 (1995), 455467.
[Lou8] S. Louboutin, Groupes des classes d’ide aux triviaux, Acta Arith. 54 (1989), 6174.
[LO] S. Louboutin and R. Okazaki, Determination of all non-normal quartic CM-fields
and of all non-abelian normal octic CM-fields with class number one, Acta Arith. 67,
No. 1 (1994), 4762.
[P] C. Batut, D. Bernardi, H. Cohen, and M. Olivier, PARI system, version 1.38, 1983.
[S] J. P. Serre, ‘‘Repre sentation line aire des groups finis,’’ Hermann, Paris, 1982.
[W] L. C. Washington, ‘‘Introduction to Cyclotomic Fields,’’ 2nd ed., Grad. Texts in
Math., Vol. 83, Springer-Verlag, New YorkBerlin, 1997.
193QUARTIC AND OCTIC CM-FIELDS
